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ABSTRACT
Local regression models are one of the backbones of spa-
tial analytics. With growing amount of attribute-rich spa-
tial data the issue of computational scalability of such mod-
els has to be resolved. A distributed implementation pro-
vides a possible solution, however the requirements implied
by this choice dictate the need for truly local modelling as
communication between components in a distributed imple-
mentation is limited or even absent at some stages. The
use of such models in a streaming context provide further
restrictions. A calibration procedure has to be truly incre-
mental, with constant memory and processing time for any
sample in a stream. This paper explores a spatially dis-
tributed incremental local regression model satisfying these
requirements and providing similar functionality in terms
of interpretability and modelling accuracy as the widely-
used geographically weighted regression. Our experiments
were run on a conventional mid-range 8-core server. In the
largest scale experiment we processed a stream of 157 million
spatially referenced samples simulating power consumption
readings taken every 2 hours in a period of 5 months from
about 87000 households in a European country. The soft-
ware implementation we developed for the evaluation and
performance analysis is made available as an open source
project.

Categories and Subject Descriptors
H.2.8 [Database Management]: Database Applications—
data mining, mining methods and algorithms, interactive
data exploration and discovery

General Terms
ALGORITHMS
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machine learning, spatial statistics, distributed computing,
streaming data, mapreduce
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Figure 1: Distributed local regression: each model
is trained incrementally and independently of its
peers.

1. INTRODUCTION
The applications when real-time analysis for millions of

temporally varying spatially referenced samples is required
over wide areas are becoming an everyday necessity. It is
hardly likely that an analyst, by looking at data or by imag-
ination can propose an acceptable data model accounting
for complex mechanisms behind data generators [5] in order
to make full use of the range of tools of spatial statistics.
Locally linear regression models [8, 9], on the other hand,
are flexible nonparametric tools that are well developed both
from statistical and computational aspects. They have been
in extensive use for decades, providing interpretable results
for modelling non-stationary and nonlinear processes in data-
rich situations. Local models have been significantly ad-
vanced in machine learning [1]. While being criticised for
not performing well in high-dimensional spaces, local learn-
ing methods have yet served as a backbone for a wide range
of applications. The work presented in this paper is based
on a local learning method called receptive field weighted
regression [25].

Localisation by spatial distance-decay weighting is a com-
mon approach to apply statistical models to deal with non-
stationarity and understand heterogeneity in spatially vary-
ing relationships [12]. Through application at different spa-
tial scales, such approaches open ways for exploratory anal-
ysis and identification of dependencies and thus aid spatial
decision makers and researchers in a variety of domains. We
are going to preserve these capabilities in our developments.



1.1 A motivating example
We now sketch a motivating example challenging the at-

tractive properties of the state-of-the-art spatial statistics.
Assume a“smart metering” infrastructure with thousands of
sensors providing real-time high resolution readings of wa-
ter or electricity consumption from nearly every household
in a country. Another example is a data stream of domes-
tic product consumption available to a large retail network
that keeps track of individual purchases of millions of their
customers. Despite evident spatial autocorrelation proper-
ties due to the prevailing development type in an area, such
as a residential, commercial, or industrial, and availability
of socio-economic attributes for individual properties, real-
time modelling of these data streams for decision support
and planning is computationally challenging. Recently the
need for large scale implementation of the spatial statis-
tics models for distributed infrastructures has been acknowl-
edged and first attempts building on the existing software
undertaken [14].

1.2 Contributions of this paper
The described setting and a general idea of this paper

are illustrated in Figure 1. We develop a method that dis-
tributed locally linear regression models over an area in a
way that independent parameter updates, including auto-
matic bandwidth selection, are possible and computationally
efficient when processing streaming data. We also show that
this approach retains most of the attractive properties of a
conventional geographically weighted regression such as in-
terpretable regression parameter maps, and provide an open
source implementation of the method.

There are several aspects in which this work advances the
state-of-the-art.

• A locally weighted regression approach is extended for
the case of streaming data.

• Temporal and spatial locality adaptation mechanisms
are investigated.

• Distributed implementation combining several inde-
pendently localised regression models is developed with
a map-reduce framework, and an experimental valida-
tion is carried out.

• An open source implementation of the software is de-
livered for shared memory multicore servers. This flex-
ibility makes it relatively simple for GIS researchers to
benefit from computational resources already available
within an academic department.

We conclude an introduction with a brief reminder on the
basics of geographically weighted regression. The rest of the
paper guides through a number of steps. Section 2 intro-
duces the incremental parameter estimation strategies nec-
essary for adopting data streams. Section 3 describes a strat-
egy for distributing and managing an ensemble of localised
regression models over a region. Adaptive approaches to de-
fine the shapes of localities and temporal scale for individual
models are described in Section 4. Implementation details in
a general framework of map-reduce paradigm are presented
in Section 6, followed by a comprehensive experimental val-
idation (Section 7) and a discussion (Section 8).

In the following, bold capitals refer to matrices, bold lower-
case to column vectors, and regular letters to scalars. Par-
ticularly, we consider the incoming data stream of vector at-
tributes {x1,x2, . . . } of scalar observations {y1, y2, . . . } at
coordinates {u1,u2, . . . } at time moments {t1, t2, . . . }. Re-
ferring to a fixed-size subset of data, a design matrix and
the response vector are denoted as X and Y, and a diagonal
matrix of weights wi is W. Other matrices encountered in
the paper are either of the dimensionality of the extended at-
tribute space m + 1 or of the dimensionality of geographical
space.

1.3 Geographically weighted regression
Geographically weighted regression (GWR) is a form of

local linear regression model [8, 9] where locality is assessed
by closeness of regression point to calibration data samples
in geographical space. With a well-developed statistical in-
ference framework available for a variety of data models
this technique gained popularity in quantitative geograph-
ical data analysis [12]. Based on a linear regression model
Y = Xβ + ε, ε ∼ N(0, σI) for a set of samples located at ui,
GWR provides local parameter estimates β for a location c
as:

β = (XT W(ui)X)−1XT W(ui)Y, (1)

where W(ui) is a diagonal spatial weight matrix with ele-
ments wi usually computed by a distance-decay kernel de-
pending on the geographical proximity of regression point c
to every i-th calibration sample (x, y) 1 located at ui. The
inverse of the weighted covariance matrix (XT W(ui)X)−1

will be denoted as P below.

2. STREAMING DATA
We start by considering a single local regression model

for some particular locality centred at c at time moment
τ . The weights w are computed relative to this centre. We
assume a linear regression model y = xβ + ε describing the
response y to a set of attributes x for the current moment
in time and will derive an update procedure for parameter
vector β in response to the stream of geo-referenced samples
{(x1, y1), (x2, y2), . . . } observed in this locality at some time
instances {t1, t2, . . . }. A specific modification to the model
to include temporal component is to define a parametric
form of the time-decay weighting of the samples.

Algorithmically, there are several general requirements that
need to be satisfied to apply the model to streaming data.
One has to guarantee constant time for processing every in-
coming sample, with no possibility to re-visit past samples
and under limited memory constraints. This framework is
well developed in recursive system identification [18].

2.1 Space-time kernels
It is relatively straightforward to compute spatio-temporal

weigths with additional temporal decay to apply the model
to time-varying data. The weight associated to a sample
from the stream observed at t time units ago at location u
is:

wc(u, t) = e
−(u−c)T

D(u−c)−γ(t−τ)q

. (2)

1We extend the attribute vector x with a constant, [1 x],
to account for an offset β0 in the vector of regression coeffi-
cients.



Here, D defines the size and shape of spatial locality and γ

defines temporal range with the decay exponent q = {1, 2}.
For the moment we consider them fixed for a given regres-
sion model and revisit this issue in Section 4. Specific issues
related to using the method in a streaming context are fur-
ther investigated in Section 5.

2.2 Incremental parameter learning
A sequential incremental update of the parameter vector

β is well-known as recursive least squares technique [21] that
minimises

∑n

i wi(yi−βT xi)
2 and is widely used in recursive

identification [18]. With every newly incoming sample (x, y)
with a corresponding weight w, the update is:

βn+1 = βn + wPn+1x(y − β
T
n x) (3)

where an updated Pn+1 is computed as:

Pn+1 =
1

η

(

Pn −
PnxxT Pn
η

w
+ xT Pnx

)

. (4)

Here a forgetting factor η is introduced for the reasons we
explain in Section 5. One can set η = 1 without loss of
generality until then. Under this choice, a single pass of
Eqs. (3)-(4) over a fixed size dataset provides exactly the
same solution as (1).

3. DISTRIBUTING LOCAL MODELS
The basic GWR model as presented in Section 1.3 is in-

herently localised when used for predictions. It takes a sig-
nificant computational effort to run it on a large dataset. If
predictions are required at K locations with m-dimensional
attributes {xr

1,x
r
2, . . . x

r
K}, in a brute force implementation

of pair-wise distances computations in Eqs. (1)-(2) for a cali-
bration set of N samples one needs O(mKN+Km3) compu-
tations. Consider now that the same accuracy in predictions
can be achieved by some K ≪ K number of independent lo-
cal models, then it brings this down to O(mKN +Km3). We
are going to achieve this by distributing K localised linear
models over a geographical region of the study.

3.1 Managing the ensemble
A simple constructive algorithm manages an ensemble of

K local models. It is derived to maintain a representative
set of local models and to enhance the interpretability and
exploratory power for spatial analytics. As a new sample
{(x, y), (u, t)} arrives, a new model centred at c = u, τ = t

is created if maxk wck,τk
(u, t) < wadd, where wadd is a user-

defined threshold for activating a new local model. A local
model is pruned if a new sample at uj activates at least
two models at more than woff , meaning there is a redundant
model in the current ensemble. We will prune the model
spanning a larger area, as estimated by det(D).

After initialisation by locating the first model at the first
incoming sample of the stream, the algorithm maintains a
growing number of locally linear models. To simplify the
notation when talking about a single local model centred at
ck, we will denote wck

(ui, ti) as wi when referring to the
ith sample in a locality and wk when referring to the weight
given to a sample by the kth model in the ensemble.

The final prediction of the ensemble of local models for
some x is computed as

ŷ =

∑

K

k=1 wkŷk
∑

K

k=1 wk
, (5)

where ŷk is an output of a local model ŷk = xβk.

4. LEARNING THE LOCALITY
Spatial data usually exhibit positive spatial autocorrela-

tion and hence has a variety of impacts on inference in spa-
tial modelling. Most of the approaches depend on a defi-
nition of spatial weighting while attempting to quantify a
sometimes subjective concept of proximity [2]. The choice
relies to a certain degree on one’s prior beliefs which de-
pend on domain knowledge and experience of a modeller.
It is usually specific to the method and is typically based
on distance-decay functions such as a kernel function (2)
or some form of quantative neighbourhood relationships be-
tween discrete spatial units.

In GWR, a problem of bandwidth selection for computing
weights w is approached from either computational (leave-
one-out cross-validation), theoretical (BIC, AIC) or com-
bined (generalised cross-validation) perspectives. It is a cen-
tral issue in modelling and interpretational analysis of spa-
tial heterogeneity. This is a very relevant issue for the pre-
sented approach; however, the finite number of fixed local
models and a data-rich streaming situation provide some
interesting opportunities for automated bandwidth tuning
that we introduce below.

4.1 Local leave-one-out
We will derive the locality update procedure for a single

local linear model. Assuming a subset of p samples in a given
locality, a weighted leave-one-out cross-validation error can
be computed as

L =
1

∑

i wi

p
∑

i

wi(yi − ŷ−i)
2
, (6)

where the ŷ−i notation denotes that the ith sample was re-
moved from parameter estimation. The key result following
from the Sherman-Morrison-Woodbury theorem, and known
as a weighted PRESS residual error [19] is that L can be
computed as

L =
1

∑

i wi

p
∑

i

wi(yi − ŷi)
2

(1 − wixT
i Pxi)2

, (7)

thus relieving one to compute the leave-one-out estimates
ŷ−i through costly brute force procedure. Most significantly
is that this functional is a function of weights w, and hence
D, and can be minimised to obtain a better estimate of
locality shapes for each model. This is a non-convex problem
with a global minimum of L → 0 as wi → δ(ui, ck), which
translates to producing very small localities as number of
data grows, and consequently to a overly large number of
local models. This can be avoided by adding a regularisation
term to (7) as:

Lreg = L + λ
∑

g,h

D
2
gh + λtγ

2
. (8)

The two terms introduced here does not allow the localities
to shrink either spatially or temporally. The parameters λ

and λt are regularisation parameters that control smooth-
ness of the final model [27] and reduce the variance associ-
ated with overly local function fitting methods. Eq. (8) can
be minimised with respect to D and γ to obtain optimal
space-time locality estimates. For convenience, we consider



an LU decomposition of D = MT M and minimise (8) with
respect to M.

We rely on prior knowledge for an appropriate initial guess
for M0 and γ0 and apply a gradient descent with learning
rates α and αγ

Mn+1 = Mn − α
∂Lreg

∂M
, γn+1 = γn − αγ

∂Lreg

∂γ
. (9)

Gradients’ calculation yields:

∂Lreg

∂M
=

∂L

∂M
+ λ

∑

g,h

∂D2
gh

∂M
, (10)

and

∂Lreg

∂γ
=

∂L

∂γ
+ 2λtγ. (11)

Let us have a closer look at the first terms on the right of
Eqs. (10)-(11). Substituting (7) and applying the chain rule
yields

∂L

∂M
=

p
∑

j=1

∂L

∂wj

∂wj

∂M
=

p
∑

j=1

p
∑

i=1

∂Ji

∂wj

∂wj

∂M
, (12)

∂L

∂γ
=

p
∑

j=1

∂L

∂wj

∂wj

∂γ
=

p
∑

j=1

p
∑

i=1

∂Ji

∂wj

∂wj

∂γ
, (13)

where

Ji =
1

W

wi(yi − ŷi)
2

(1 − wixT
i Pxi)2

, W =
∑

i

wi. (14)

This is a valid strategy for optimising the locality shapes for
a fixed set of data.

4.2 Incremental updates
In the streaming context, there is no possibility to store all

the p samples to compute double sums in (12)-(13). Hence,
one has to derive a sequential update to the gradient when a
new sample {(x, y), (u, t)} arrives. Dropping the sums and
performing a stochastic gradient descent on a new sample is
not a valid approximation as it leads to shrinking the locality
and neglecting the data in a vicinity2. Instead, [25] proposed
an approximation that keeps a memory trace of the gradient
and the necessary statistics to perform updates respecting
the previously encountered data samples.

Rearranging the derivatives in (10)-(11) to express a sin-
gle summation sweep through the data set, and using the
notation introduced in (14) yields:

∂Lreg

∂M
=

p
∑

j=1





p
∑

i=1

∂Ji

∂wj

∂wj

∂M
+ λ

wj

W

∑

g,h

∂D2
gh

∂M



 , (15)

∂Lreg

∂γ
=

p
∑

j=1

[

p
∑

i=1

∂Ji

∂wj

∂wj

∂γ
+ 2

wj

W
λtγ

]

. (16)

For every nth incoming sample {(x, y), (u, t)}, we are going
to use an expression inside the square brackets in (15) and
(16) to sequentially compute an approximation to the gradi-
ent. This sequential approach requires keeping the memory

2Note that the second terms in Eqs. (10)-(11), despite con-
tributing to the growth of localities correspondingly in space
and time and preventing shrinking, are not aware of the data
and appeared here due to enforced regularization.

Algorithm 1 The scalable local regression (SLR) algorithm

Inputs
- Initial values for spatial and temporal localities D, γ;
- Regularization parameters λ, λt;
- Forgetting and learning rates η, α, αt;
- Add, prune and update thresholds wadd, woff , wupd.

1: repeat
2: Get next sample {(x, y), (u, t)} from the stream;
3: Compute weights wk per Eq. (2);
4: for each local model with wk > wupd do
5: Update βk per Eqs. (3)-(4);
6: Update Dk, γk per Eq. (9) using Eqs. (15)-(20) and

closing remarks in Section 4.2;
7: end for
8: if ∀ k, wk < wadd then
9: Create local model centered at c = u.

10: end if
11: if ∃ k1, k2: min{wk1 , wk2} > woff then
12: Prune model with argmax{det(Dk1

), det(Dk2
)}.

13: end if
14: until the stream is processed.

traces for the involved values. For example for W one keeps
Wn+1 = ηWn + w. The term ∂Ji

∂wj
is concerned with updat-

ing the locality following the incremental modifications of
the parameter vector and inverse covariance matrix (3)-(4),
and is derived in Eqs. (16)-(17) of [25]. The total storage
requirements are of O(m2). The remaining derivatives are
computed as:

∂w

∂γ
= −w(t − τ)q

, (17)

∂w

∂Mfg

= −w(u − c)T ∂D

∂Mfg

(u − c), (18)

∂D2
gh

∂Mfs

= 2Dgh
∂Dgh

∂Mfs

, (19)

∂Dgh

∂Mfs

= δshMfg + δgsMfh. (20)

where δ is a conventional Kronecker operator, and the index
j is dropped off w meaning that this weight corresponds to
the sample from the stream being processed.

We finally note that Appendix 2 of [25] describes a more
efficient second-order gradient descent for locality adapta-
tion which we use in our implementation in experiments be-
low but not present it here to keep the paper concise.

5. TIME-VARYING MODELS
There is one problem with the ensemble management ap-

proach of Section 3.1. It’s direct use would lead to an un-
bounded growth of the number of local models which fill the
space-time cube spanning the data extent. However, it is
often the current moment in time that is of most interest to
an analyst. There are several ways to focus the developed
model on the present. One practical solution is to introduce
a temporal memory horizon threshold τh such that a local
model is only initiated and updated if it is relevant whithin
a predefined characteristic time period in the past (such as
24 hours or 1 month), otherwise the model is discarded. An-
other solution is to include time as an attribute if temporal



trends are believed to be linear in nature or to extend the
model with an auto-regressive temporal component.

5.1 A focus on streaming
In this work we approached the problem by focusing on

efficient real-time processing in a streaming context. The
focus on the present moment in time provides an important
advantage. Local models can only be distributed in space
and updated incrementally to keep up with the variations
most relevant for current time. To achieve this, we assume
that a nominal order of samples in the stream is consistent
with the temporal order, and use a forgettting factor η in
Eqs. (3)-(4) to discount the influence of samples from the
past on parameter estimation. As shown in [18] (p.57), the
choice of ηi = 1−δi, δi ≪ 1 implies (3)-(4) to give minimum
to a weighted least squares:

n
∑

i=1

θ(n, i)(yi−β
T xi)

2
, with θ(n, i) = ηiθ(n, i−1). (21)

For a constant forgetting rate η one obtains θ(n, i) = wiη
n−i,

where wi is taken a spatial part of the weight (2). The differ-
ence one can observe from the implicit temporal weighting
in (2) is that the samples are discarded with respect to the
nominal order in which they appear in the stream, and the
rate of the decay is exponential in the number of samples.
In practice, however, a corresponding temporal length scale
can be estimated with τh ∼ 1

1−η
and an appropriate time-

dependent form for ηi can be derived. More details on this
technique, as well as a related Bayesian interpretation, is
available in [18], Sections 2.6 and 5.6.

5.2 Summary of the algorithm
Summarising the above, the processing sequence initiated

for every sample in a stream is presented in Algorithm 1. For
K independent local models, sequential processing of every
sample without locality updates takes O(Km2) operations.
Introducing locality updates bring it back up to O(Km3).
With growing number of models distributed over large area,
every sample only activates a low number keff ≪ K of rele-
vant ones in its own locality. One can set up a threshold on
the number of models that can be activated to trade off accu-
racy for keeping firm control over computational costs. Note
also that a cumulative computational load with respect to
the number of samples in a stream n grows linearly as O(n).

Individual models in the ensemble only communicate at
the initial stage of estimating the weights wk which only de-
pend on geographical dispersal of the model’s centres c and
current distance metric D. The dictionary of centres and
distance metrics is low dimensional and can be stored cen-
trally, while after thresholding and selecting the models to
update all the processing is done independently at each node
containing a local model. The memory capacity required at
a node scales with attribute dimensionality as O(m2) and is
reasonably low in typical spatial analytics applications.

A final remark to make is that every kth local model uses
an (optional) pre-processing step to apply normalisation to
the incoming attributes x and response values y which can
be computed with conventional incremental mean and vari-
ance formulae.

We can now pass over to presenting a distributed imple-
mentation of the described algorithm which we call the scal-
able local regression (SLR) for simplicity.

6. DISTRIBUTED IMPLEMENTATION
The design of the method was aimed at deriving com-

pletely independent locally linear models: the update Steps
(5)-(6) in Algorithm 1 can be performed independently on
distributed nodes. The only communication between the
models is performed at Step (3) via the weights wk. It is
well suited to be implemented as a client-server or a parallel
processing system with a centralised gaiter managing the en-
semble of the local models, including requesting the weights
wk, sending the data samples to the models that need to
be updated, creating new or removing obsolete ones. We
will consider an implementation of this scheme in a MapRe-
duce framework optimised for distributed models and stream
processing. We use the MapReduce paradigm as a basis for
implementing the local models due to the flexibility it pro-
vides. There is no pre-defined way in which spatial data
collection infrastructures are going to be designed, will it be
a hierarchical, centralised or fully distributed peer-to-peer
system. The implementation we provide3 can be fitted to
either of these with minimal effort.

6.1 MapReduce
MapReduce is a programming paradigm developed for ro-

bust parallel processing of large data sets on clusters with
potentially hundreds or thousands of nodes [11]. MapRe-
duce borrows the concepts of map and reduce from func-
tional programming. The user-defined map function pro-
cesses key/value pairs to generate intermediate key/value
pairs. The reduce function processes all intermediate values
sharing the same key and generates the final result. The
computation task is divided into small chunks and an inter-
mediary result is computed inside the map function; the re-
duce function combines then all the results from the chunks
into the final result. The map functions can easily be dis-
tributed over several computers. If these chunks are suf-
ficiently small, they can be easily relaunched in case of a
node failure. This makes MapReduce a programming model
suitable for building robust distributed computing systems.
MapReduce computations can be deployed both on mul-
ticore systems such as modern desktop computers with 2
to 12 cores and big distributed clusters with hundreds of
nodes [23].

Several statistical and machine learning algorithms such
as k-means clustering, locally weighted linear regression, lin-
ear support vector machines, back-propagation networks or
hidden Markov models have known implementations for the
MapReduce paradigm [7]. However, these algorithms oper-
ate on static data sets and not on a data stream. Indeed,
MapReduce was designed primarily for processing huge static
datasets in a distributed storage and processing environ-
ment. In its original version, MapReduce is not very well
adapted for stream processing. A computation task is typi-
cally submitted to the distributed processing system where
it runs until completion and terminates. In stream process-
ing, we typically have data flowing into the system at a given
externally determined rate, and the system has to keep up
with with this data stream. The data needs to be processed
continuously, batch processing is not a suitable option.

Therefore general purpose distributed stream processing
platforms have recently emerged [20]. Particularly, the Map-
Reduce programming paradigm has been adapted for allow-

3 http://ncg.nuim.ie/i2maps/
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Figure 2: MapReduce for calibrating locally linear
regression models in a streaming context.

ing online aggregation and continuous queries [10]. This can
be achieved by establishing a pipeline between the individ-
ual mappers and the reducer. Each map output is sent to
the reducers as soon as possible, without waiting the com-
pletion of all map tasks. Pipelining also allows for continu-
ous MapReduce jobs, where each mapper contains an agent
recording some statistics of interest. The reducer then ag-
gregates these statistics and delivers current snapshots as
results.

6.2 Distributing online local spatial regression
Figure 2 illustrates the way how Algorithm 1 is translated

into the streaming MapReduce paradigm for model calibra-
tion. Each local model runs as a separate process on one
of the computational nodes. In a first map step, an activa-
tion weight wk is computed for each model k as soon as a
new sample {(x, y), (u, t)} arrives. Based on the number of
activated models, the reducer decides which models have to
be updated, and if any model has to be added or removed.
This is done through an additional communication channel
between the job controller and the reducer.

The different MapReduce operations are done asynchro-
nously. This means that when sample 1 is sent to the k

models for computing the weights wk, there is no need to
wait for the termination of the whole operation for this par-
ticular sample before sending sample 2. The communication
between all the processing steps is done using the queues
buffering the intermediary results. If a queue is full, the pro-
ducing process is halted until the consuming process pulls
a pending result for processing. The queues also make sure
that the processing order is respected.

Figure 3 illustrates the MapReduce implementation for
predicting a value given a regression sample {(x), (u, t)}.
The weights wk and predictions ŷk of each kth model are
computed in a map step, and these k intermediary results are
combined into the final prediction as specified in Equation 5.
As the number of models can vary in time, the controller
communicates the number of expected predictions directly
to the reducer. This mechanism goes beyond the original
MapReduce paradigm, but is a straightforward extension to
the streaming context where each mapper and reducer runs
in a separate process. The reducer buffers the output of each
mapper until all intermediary results have been received.
A reducer can emit an intermediary result before receiving
all map outputs, leading to a temporary result that will be
updated later on.

Model updates can be done at the same time as model
predictions. Additionally, if needed, copies of the running

Controller Map:
compute weight
and prediction

Reduce:
�nal prediction

Model 1

Model p
Weighted 

average

Model n

Sample Result

number of expected predictions

Figure 3: MapReduce for prediction with locally lin-
ear regression models in a streaming context.

models can be created on the fly and run in separate pro-
cesses for prediction purposes.

6.3 Fault-tolerance
MapReduce has been designed specifically for large clus-

ters of commodity PCs connected together by a standard
networking infrastructure [11]. Machine failures are com-
mon in such environment: it is not unusual that a pro-
cess crashes or hangs, or a hardware component fails. The
MapReduce framework is robust in case of different failures
mainly through materialisation of the intermediary states to
local disks. If a particular map or reduce task fails, it can
then simply be recomputed.

In our distributed stream processing scheme, this kind of
recovery backup would work with a slight adaptation. A
model runs on a node continuously as a separate process. If
this node halts, or the process crashes, the state of the model
is lost and there is no way to reconstruct it unless a backup
model copy is kept. Several instances of the same model
can be kept at different nodes and updated in parallel, or
multiple copies of each model created after each successful
update. All what is needed to achieve this is the possibil-
ity for a model to be cloned to another node which only
involves O(m2) communication costs. It is also possible to
have more than one controller process sending the samples
to the models, by connecting more than one process to the
queues.

7. EXPERIMENTS
The volumes of geo-referenced streaming data will grow

enormously in the nearest future. An example is the high-
resolution electricity consumption data that will become avail-
able due to the installation of “smart metering” systems. As
these developments are only being at their initial stage at
the moment, there is no real data source available to us
to investigate all the data modelling aspects in full detail.
Instead, the analysis in this section mainly focuses on the
computational properties of the presented SLR model.

7.1 Data
To face the future scenario, we have simulated the energy

consumption data in 87382 households in Switzerland during
5 months at 2 hours interval (1800 time steps), which totals
in a data stream of 157 million samples4. We have used the

4i.e. several orders of magnitude higher than datasets used
in GWR modelling until now [14]
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Figure 4: A simulated power consumption profile of
a residential building for a typical weekday [24].

Table 1: Testing RMSE
Model Range # units Time, s Test RMSE

OLS inf 1 72.3 0.768

GWR 0.5 n/a 2.5×104 0.678

GWR 0.2 n/a 2.5×104 0.205

GWR 0.1 n/a 2.5×104 0.145

GWR 0.05 n/a 2.5×104 0.061

GWR 0.025 n/a 2.5×104 0.0345

SLR 0.5 1 75.2 0.772
SLR 0.2 4 121.2 0.239
SLR 0.1 13 192.0 0.174
SLR 0.05 35 291.0 0.063
SLR 0.025 100 577.4 0.035

SLRadapt 0.5 1 347.1 0.770

SLRadapt 0.25 10 424.2 0.183

SLRadapt 0.1 25 621.2 0.107

attribute and location data of real households to simulate
the full dataset. Domestic electricity consumption profiles
were produced using an advanced micro-simulation gener-
ator described in [24]. The presented experimental study
therefore investigates computational and exploratory abil-
ities of SLR and can not be used to draw conclusions on
the real energy supply system of the region. A sample daily
power consumption profile of a large residential building is
shown in Figure 4.

The data stream used for regression modelling was gen-
erated according to the following model, which is an exact
weighted locally linear combination (5):

ypw =
1

∑

k wk

∑

k

wk

∑

j

β
k
j (u, t)xj + β0(u, t) + ε, (22)

where xj are independent variables imitating the living
area of the property, the year of construction (which we
assume to have a negative impact due to lower energy ef-
ficiency) and type of heating used. A number of j = 3
centres at random locations uk was introduced for simula-
tion with regression coefficients βk

j selected as elements of
an Hadamard matrix (taking values of {+1,−1}) to avoid
collinearity issues. A spatial modulation (ulon +cos(10u2

lat))
was applied to the power consumption profiles. This resid-
ual variability is expected to be accounted for by an offset
coefficient β0(u, t) which varies both in time and space. The
last term is the additive homoscedastic normally distributed
noise ε ∼ N(0, σn).

7.2 Evaluation
A set of experiments presented in this section investigates
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Figure 5: Testing RMSE of GWR and SLR on the
same dataset for different spatial bandwidths. The
dashed line and a corresponding axis on the right
presents the number of local regression units initi-
ated by SLR.

the accuracy of the SLR model, its variation with a number
of local models and the issues of parameters’ choice. We
provide a comprehensive comparison to a GWR model. The
experiments were conducted on 87382 spatial samples for a
particular moment in time, using 50% of data for calibration
and the other 50% for testing. The results of several models
run with various parameters and a noise level of σn = 0.01
are presented in Table 1.

The main observation one can make from Table 1 is that
SLR is capable to cope with GWR in terms of accuracy when
introducing about 35 localised units, and has comparable
performance with much lower computational time otherwise.

Our next experiment concerns model selection. The main
issue to be aware of is the bias-variance trade-off. There is
a risk of over-fitting by “overly local” models especially if
data are noisy. We increased the noise level σn = 0.2 in the
data generator (22) to highlight this issue. Figure 5 presents
the testing RMSE for a range of spatial bandwidths σ. An
axis on the right indicates the number of local models initi-
ated by SLR which is evidently decreasing with increasing σ

and eventually converges to a global ordinary least squares
(OLS) regression. One can notice a distinct minima of the
testing RMSE at σ ≈ 0.05 for both GWR and SLR, and a
similar overall performance in the whole range of parame-
ters.

7.3 Distance learning
This section presents experimental results demonstrating

the spatial arrangement of local regression units and the
influence of the distance metric adaptation algorithm de-
scribed in Section 4. Figure 6 (top) illustrates the distribu-
tion of 29 centres of local regression units assigned by SLR
given fixed bandwidth of σ = 0.05.

The distance learning algorithm is expected to fit the dis-
tance metrics to minimise a local leave-one-out error pro-
duced by the model, and hence delineate spatial regions
within which the modelled dependency is locally linear. As a
function of positions of the centres ci and shapes Di, leave-
one-out Lreg is a non-convex functional with many local
minima, hence, appropriate fine-tuning of the distance mea-
sures depends on appropriate initial values and experience of



Figure 6: Top: Local regression units assigned
by adaptive distance SLR with initial values σ =
0.05. Bottom: Local regression units with adapted
anisotropic distance metric. The locations of data
samples (buildings) are shown with black dots.

the expert. Figure 6 (bottom) illustrates the solution found
under initial localities of σ = 0.05.

7.4 Interpretability
One of the most important properties of GWR is the pos-

sibility to explore the variation of the regression parameters
in space. This is a major exploratory instrument to un-
derstand and draw conclusions on the influence of space on
the observed processes given statistical significance of the
observed spatial variation. This possibility is retained in
the presented model, as local regression parameters can be
mapped in geographical space using an interpolation

β
j(u) =

∑

K

k=1 wk(u)βj
k

∑

K

k=1 wk(u)
. (23)

Figure 7 present an example of spatial variation of β1 ob-
tained with SLR and a GWR of the same bandwidths. Note
that in GWR these values are computed at regression points
and no additional interpolation is applied to avoid confusion.
Finally, let us note that t-surfaces can be computed using
similar interpolation approach from incrementally updated
standard errors of parameters of local models, however we
have not explored this possibility in the current paper and
focused on performance and scalability tests instead.

7.5 Performance and scalability
There are several important baseline scaling properties we

would like to verify experimentally with respect to compu-
tational requirements of the SLR model.

First and most important is to verify how computational

Figure 7: Spatial variation of β1 regression parame-
ter as obtained with SLR (top) and GWR (bottom)
of the same spatial bandwidths.

time grows with a number of local models K processed by
a single core. Figure 8 presents the results of this experi-
ment. One can observe a linear increase in computation time
for both model update and prediction. The implementation
used in this test keeps the number of models constant at a
predefined value in order to estimate the processing time per
data sample. In practice the number of models can vary in
time. It depends on the parameters wadd and woff defined
in Section 3.1, the spatial extent of the region and the spa-
tial heterogeneity and non-linearity of the data generation
process within this range.

The other property we would like to understand is scal-
ing with respect to the dimensionality of the attribute space
which is of O(m2) without distance adaptation and O(m3)
with it according to the theory. The experiment has been
run on a single core, the results are summarised in Figure 9.
While the computation time for the model update scales
super-linearly, the time for querying the models grows lin-
early with m and is negligibly small within the tested range
of dimensions. Once again, the maximum number of models
is kept fixed in this experiment in order to exclude effects
related to a varying number of models in time. The up-
date threshold was set to wupd = 0 in order to force the
model update for each sample. In practice, the thershold is
nonzero and computational costs would generally be signif-
icantly lower than those in Figure 9 of our experiment.

7.6 A 157 million samples experiment
Finally, we check the total computational load when in-

creasing the number of samples in a stream. Figure 10
presents a graph where the cumulative computational time is
plotted against the number of samples n as an experimental
validation of linear scaling O(n) and hence a constant time
for processing every sample in a stream. The plot shows
the scaling up to 1 million samples. This experiment has
been run in a realistic production environment using our



Figure 8: Scaling behaviour with respect to the
number of local models.
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Figure 9: Scaling behaviour with respect to the di-
mensionality of the attribute space.

distributed implementation on a mid-range 2.13GHz 8-core
server. The number of models varies in time which explains
the slight deviations of the computation time from a pure
linear increase. Due to the constructive nature of the model
creation algorithm, the linear scaling behaviour is only true
if wupd > wadd. Otherwise, one may encounter that a new
model must be created and all local models need to be up-
dated as a new sample arrives, leading to O(m2n2) scaling.

In order to check the stability of our implementation and
its longer-term scaling behaviour, we have run a 157 million
samples experiment using the data outlined in Section 7.1.
The model update took roughly 188 hours, while the pre-
diction time for the same amount of samples was about 125
hours which accords well with the scaling behaviour in Fig-
ure 10.

8. DISCUSSION AND CONCLUSIONS
The presented work has been targeted at a scenario when

an analyst is most interested in exploring linear, and thus
easily interpretable, dependencies in the observed spatial
process over an extended region at the current moment in
time. GWR technique can be used to answer such queries,
however, its direct application would require: (1) efficient
dynamic storage for data samples within a space-time cube
of the nearest past; (2) intensive computations of O(mn +

Figure 10: Scaling behaviour with respect to the
number of samples.

m3) for parameter calibration at each query. These draw-
backs were resolved with our approach by using incremental
paramater estimation technique for an ensemble of indepen-
dent local models distributed in a region by a constructive
algorithm. With this, we drastically improved query latency
for real-time analytics without compromising prediction ac-
curacy or model iterpretability.

A major advantage for computational efficiency is due to
the linearity of the baseline local regression model. For ex-
ample, a non-linear recursive kernel-based least squares re-
gression implemented in a similar way [16] scales quadrati-
cally both in terms of computation and storage requirements
with the number of samples overseen by a local model (and
not attributes) and is thus significantly slower.

We have used MapReduce, a promising distributed com-
puting framework, to implement the model. Even if algo-
rithms using the MapReduce paradigm are fairly recent, dis-
tributed computing has been around for a while already,
and an extensive literature on distributed data mining tech-
niques exists [3]. The two directions where advances in re-
cent years were mainly achieved in this context is sensor
network data processing [13], where communication between
nodes has to be kept minimal and being aware of the overall
network topology, and batch processing of huge datasets by
various parallel computing architectures. For example, dif-
ferent solutions for distributed multivariate regression [15, 4]
are known. In this context, both local linear regression and
GWR have been previously implemented in a distributed
computation environment [14, 4] for batch processing.

Further extensions to the presented model are possible.
An idea to automatically find clusters within which to cali-
brate local regression models has a long history of develop-
ments since it was originated [26]. Given that the stream-
ing nature of the method is kept, a simple construcitve al-
gorithm used in our work can possibly be improved using
more sophisticated schemes [6] to enhance the usefullness of
the model for exploratory spatial analysis.

Concerning the temporal domain it is interesting to fur-
ther explore the links with recursive identification theory
and develop an auto-regressive extension of the SLR. This
requires dealing with attribute spaces of high dimensional-
ity. It is tackled in a related model of incremental locally
weighted projection regression [17] which is built as an ex-



tension of [25]. In spatial domain, more complex spatial
proximity measures can be investigated to enrich models
with prior knowledge [22].

Finally, a completely distributed implementation for SLR
would need to be developed for the peer-to-peer environ-
ments. With this, one would overcome the drawbacks in-
herent to parallel processing architectures with a centralized
controller which acts as a single node of failure both in terms
of hardware, data security and user privacy.
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